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1. Consider the function f(x, y) = x2
+ y2. Find the extrema of f subject to 3x+4y = 5

in two ways:

(a) (10 points) Parameterize the constraint line & plug into f .
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(b) (10 points) Lagrange Multipliers
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(c) (5 points) Is the point you found a maximum or a minimum? Explain how you

know, and explain why you weren’t guaranteed to have a global maximum and

minimum.
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2. Let

f(x, y) = xexy.

(a) (10 points) Find the gradient of f .

(b) (10 points) Find the linear approximation to f(x, y) at the point (1, 0).

(c) (5 points) Use the linear approximation to estimate f(1.1,�.1).
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3. (2 points each) True/False! Circle the appropriate answer.

No justification is needed here.

(1) For any two vectors ~v and ~u, ~v · ~u = ~u · ~v. True False

(2) If f(x, y) and g(x, y) are continuous at (a, b), then the func-

tion f(x, y) · g(x, y) is continuous at (a, b)
True False

(3) For any two vectors ~u and ~v,

~u⇥ ~v = ||~u|| · ||~v|| · sin ✓,

where ✓ is the angle between ~u and ~v.

True False

(4) The x-component of a vector ~v always equals the dot product
~v ·~ı.

True False

(5) A continuous function on a closed but not bounded region

in R2
cannot have an absolute maximum and minimum.

True False

(6) The gradient of f is tangent to the level curves. True False

(7) The curvature of a curve in space can be negative. True False

(8) Let ~u, ~v, and ~w be three vectors all of whose components

are integers. Then ~u · (~v ⇥ ~w) is an integer.

True False

(9) For any two vectors ~v and ~u, ~v ⇥ ~u = �~u⇥ ~v. True False

(10) If the limits of f(x, y) along all lines through a point (a, b)
exist and agree, then the limit lim(x,y)!(a,b) f(x, y) exists.

True False

(11) The cross product of two unit vectors that are not parallel

is always unit vector.

True False

(12) The set of points {(x, y) | 0 < x2
+ y2 � 9  16} is closed. True False

(13) A continuous function on a closed and bounded region has

an absolute maximum and minimum.

True False

(14) If a level curve intersects itself at a point so that there are

two distinct tangent directions, then the point is a critical point

True False

(15) Given a vector ~v and a non-zero vector ~w, we always have

||~v?~w||  ||~v||.
True False
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4. Consider the hyperboloid of one sheet described by the equation

x2
+ y2 � z2 = 4.

(a) (10 points) The equation defines z implicitly in terms of x and y. Find
@z

@x

@z

@y

(b) (10 points) Find the equation of the tangent plane at the point (2,�2,�2).
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z = f(x , Y)

Target place at (9b) (a , b , f(a,b) :

L(X ,y) = f (a , 3) + f x (a ,b)(x - a) + fy(ab)(y -3)

F(x , y , z) = 0 (Implicit )

Target place at (a , b , c)

Fx (a , b , c)(X - a) + Fy(ib ,)(y - b) + Fz(ab , c)(z-c) = 0

Reducing It formulas :

F(x , y , z) = 0
O

So-
=( 27-=2x

I

F-
- Fy

= IF
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5. Consider the function

f(x, y) = x4 � 2x2
+ y4 � 8y2.

(a) (20 points) Find the 9 critical points.
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(b) (7 points) For this function, what is the discriminant D that plays a role in the

2nd derivative test?

(c) (3 points each) Find one local maximum, one local minimum, and one saddle

point for this function (you do not need to classify all of the critical points).
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6. Consider the contour plot of a function f(x, y) below (where the contour labels are the

larger numbers written in red next to the curves):

(a) (3 points each) The points labeled A, B, and C are critical points (and the only

critical points within the next closest contour). Classify them as maxima, minima,

or saddles. Briefly say how you know.
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(b) (3 points) Draw the gradient at the point labeled D. No justification is needed.

(c) (3 points) What is the gradient at the point labeled E? Briefly explain how you

know.
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7. Consider the curve given by

~r(s) =

⌧
4s

5
, 3 sin

⇣s
5

⌘
,�3 cos

⇣s
5

⌘�
.

(a) (5 points) Show that s is the arc-length parameter.

(b) (10 points) Find the unit normal and curvature as a function of s.
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must mean

Ilr'(s)/l = 1
-

r' (s) = (5 ,

3c0s(5) · 5
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3 sin (5) . 5)

Ilrcll : (scos(5))Easi (c))2
-

=- N+ 9cs + sin =+q=
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8. Consider the function

f(x, y) =
x2

x2 + y2

(a) (5 points) Where is f continuous and why?

(b) (10 points) Is there a value a such that the function

f̃(x, y) =

(
x2

x2+y2 (x, y) 6= (0, 0)

a (x, y) = (0, 0)

is continuous? If yes, find it and show continuity. If no, show why not.
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not continuous when z+ y2 = 0

z is ente for all value of a
4

x" + ye is conte for all values of & Y

= f(x ,4) is continuous everywhere except for where

z + y = 0
,
which is at (x ,4) = 10 . 01

IR2 - 10
,
0

a world need to balin-100
-

X = rcost

y = Usin & &
2

---or 2(Hm) Itr2E lim xh
along y = rz-

( ,4) -> (0 , 0) Xc42

is
ma

,

which depends on

m
,

so it DNE
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9. A particle moves along the curve y = x3�4x, shown below. Using x as the parameter,

find

(a) (5 points) The velocity of the particle

(b) (5 points) the acceleration of the particle

(c) (5 points) the curvature of the curve as a function of x.
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(d) (5 points each) On the picture below, draw the unit tangent and unit normal

vectors at (�1, 3) and (1,�3). Next to each point, indicate if the binormal vector

goes up out of the page or down into the page.

14

TN
X - 4X

y =
out of page

↳

-
into page

B = T x N
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10. Let ~u = h3,�2, ai, ~v = h1, 0, 1i, and ~w = h0, 1, 1i.

(a) (8 points) For what a is the vector triple product ~u · (~v ⇥ ~w) = 0?

(b) (2 points) What does this mean for the parallelepiped spanned by ~u, ~v, and ~w?
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